Abstract -Mathematical physics problems are often formulated by means of the vector analysis differential operators: divergence, gradient and rotor. For approximate solutions of such problems it is natural to use the corresponding operator statements for the grid problems, i.e., to use the so-called VAGO (Vector Analys Grid Operators) method. In this paper, we discuss the possibilities of such an approach in using general irregular grids. The vector analysis difference operators are constructed using the Delaunay triangulation and the Voronoi diagrams. The truncation error and the consistency property of the difference operators constructed on two types of grids are investigated. Construction and analysis of the difference schemes of the VAGO method for applied problems are illustrated by the examples of stationary and non-stationary convection-diffusion problems. The other examples concerned the solution of the nonstationary vector problems described by the second-order equations or the systems of first-order equations.
Introduction
Applied problems are mostly defined in the form of systems of partial differential equations supplemented by the corresponding boundary and initial conditions [14, 53] . To solve approximately the boundary-value problems, the finite-difference [44, 49, 62] and finite-element methods [13, 61, 71] are used.
Various approaches are used to construct discrete problems by the finite-difference methods. The simplest of them consists in the substitution of the differential derivatives by the corresponding difference analogs. At the same time the main features of the differential problem should be kept for the discrete one. In particular, for problems containing discontinuous coefficients [49] the self-adjointness of the problem can be lost and, furthermore, the difference scheme can become absolutely divergent.
To formulate the mathematical physics problems, one can use the differential vector analysis operators: the invariant first-order divergence, gradient and rotor operators. For approximate solution of such problems, it is natural to use the corresponding operator statements for the grid problems. In this case [45] , one speaks of Mimetic Finite Difference Operators. Mimetic discretization methods for the numerical solution of continuum mechanics problems use analogs of identities from vector calculus or differential forms to both derive and analyze the discretization.
The advantages of such an approach are that we do not have to define a concrete coordinate system. This is especially interesting for considering irregular computational grids. In using vector analysis grid operators it is natural to use the approach with direct substitution of the vector analysis differential operators by the grid operators.
Sequential application the vector analysis grid operators was realized in the support operators method [47, 51, 58] . In this case, one (support) operator is approximated on the selected grid. Then the other operators are determined by some integral relations between the differential operators. Thus a consistent approximation of the operators giving such features as conservatism, adjointness etc. is attained.
The idea of constructing gird problems by the support operator method is most brightly realized for second-order scalar parabolic equations in using rectangular grids, irregular unstructured and general unstructured grids. In this case, examinations are carried out for discrete analogues of the divergence and gradient operators. The boundary-value problems for convection-diffusion equations act as the base mathematical model for problems of continuum mechanics. The main features of these problems are associated with the non-self-adjointness of the elliptic operator. The questions regarding the construction of finite-difference schemes for both stationary and nonstationary convection-diffusion equations on regular rectangular grids are considered in [56] . More important problems of constructing difference schemes on triangular grids are noted in [39, 68] . Finite-difference schemes are constructed by the balance technique using Delaunay triangulations and Voronoi polygons. Primary consideration is given to the properties of the difference operators of convective and diffusive transports. The features of the approximation of convective components in divergent (conservative), nondivergent (characteristic), and symmetric forms are considered in [68] .
Of great practical interest are the questions of constructing computational algorithms for a special class of systems of second-order parabolic and hyperbolic equations typical of electrodynamic problems [8, 46] . Maxwell equations include the divergence and rotor operators. Two main approaches to the approximate solution of such nonstationary problems in natural variables (electric and magnetic fields) are used [9] . The first of them consists in considering the first-order system of equations for the electric and magnetic fields. The second approach consists in studying the equation of the second order as to space, where either the electric or the magnetic field acts as the desired variable. In computing practice, to solve first-order equations, special schemes as to the time variable (staggered scheme, FDTD-scheme) are used. The advantage of the second approach is the transformation of the coupled system of equations with two unknown quantities to one equation with one unknown variable. Moreover, in so doing the problems concerning the retaining by the grid analogs of such most important features as self-adjointness and nonnegativity of the operator are simplified.
Among the general problems of solving vector problems, we note that even for problems in homogeneous media one fails to separate simple problems for individual components of the solution at each time step. Typically, individual components of the unknown vector are related to one another. In this case, it is difficult to formulate a good problem for determining the components at the new time step. In an approximate solution of vector problems this issue can be solved using additive schemes for vector problems [55] . Some possibilities of constructing additive schemes for parabolic and hyperbolic equations of electrodynamics are discussed in [67] .
A fundamental problem in constructing computational algorithms for vector electrodynamics problems [66] is the account of the conditions imposed on unknown vector divergence. This restriction can be included in the mathematical model. Note paper [4] as a representative example. In this paper, the restrictions imposed on the divergence are taken into account by using the Lagrange multipliers. The second and more interesting possibilities is connected with the choice of such approximations in time and space in which the restrictions imposed on the divergence are realized automatically. The first results concerning this approach were presented in [70] . References to later investigations can be found in review [59] .
In the case of the differential problem, the automatic fulfillment of the restrictions imposed on the divergence is provided by satisfying the equality div rot = 0 for the discrete problem. Similar consistent approximations of the vector analysis operators are most easy to realize for the simplest rectangular grids [33, 34] . We note two classes of irregular grids: structured and unstructured grids. The most important examples of structured grids are irregular quadrangular grids inheriting the properties (topologically equivalent) of the standard rectangular grids. Approximation on structured grids can be realized on the basis of the above topological equivalence of these grids to the standard rectangular grids. Construction of the difference analogs of the vector analysis operators on structured computation grids was carried out in [26] . The questions of using such grid approximations for approximate solution of nonstationary electrodynamics problems are considered in [25] .
In the general case (unstructured grids), the grid is generated from some set of nodes. It is most natural and simple to determine the triangulation by this general set of points. We can triangulate this given set of nodes in various ways. There exists the Delauney triangulation that exhibits optimal properties consisting in the tendency of obtained triangles to equilateral ones, i.e., under the Delauney triangulation the minimum value of the interior angles of the triangles is maximized (see [7, 20] ).
The universal balance method (integro-interpolational method, finite-volume method) is mainly used to construct discrete problems [49] . In this case, the difference scheme is constructed by integrating the input equation with respect to the control volume (part of the computational domain adjoining to given computational node). For the Delauney triangulation it is natural to use the Voronoi polygons (the set of points lying closer to this node than to the others) as the control volume. Construction of consistent approximations using the Delauney triangulation for some problems of mathematical physics was performed in [60] . For electrodynamics problems discrete approximations with the use of the Delauney triangulation were constructed in [23, [36] [37] [38] .
The present paper is organized as follows. First, the questions concerning the construction of computational grids are considered. For the given set of nodes the Delauney triangulation (D-grid) is constructed. The dual grid (V -grid) constructed on the vertices of the Voronoi polyhedrons linked to the D-grid. On these grids the scalar and vector grid functions are defined. On the introduced grids the vector analysis grid operators of the gradient (grad), the divergence (div) and the rotor (rot, curl) are constructed. Primary consideration is given to the investigation of the truncation error of the vector analysis grid operators. The important properties of the consistency of the approximations of individual operators are determined.
The second part of the paper gives examples of applying the introduced vector analysis grid operators to the approximate solution of some classes of the mathematical physics problems. Such a method of construction and investigation of the difference schemes is called the VAGO (Vector Analys Grid Operators) method. The choice of these problems was dictated by the methodological purposes of the paper, otherwise the choice would be different (different problems, different degree of detail and exactness of presentation). Relatively much consideration is given to the convection-diffusion problems. The use of the VAGO method for scalar problems of mathematical physics with divergence and gradient operators is considered. The use of the VAGO method for vector problems is illustrated by the example of the second-order boundary-value problem with rotor operators. This problem is typical of electrodynamics problems. The third example is the system of first-order equations with gradient and divergence operators.
Grids and grid functions
Consider the computational grids and their corresponding scalar and vector functions. The general unstructured grid is constructed on the basis of the Delaunay triangulation and the Voronoi diagrams.
Structured and unstructured grids
Before giving general definitions we consider computational grids for two-dimensional problems. Assume that the computational domain Ω is irregular (nonrectangular and not composed rectangles). Therefore, we have to use nonrectangular computational grids [65] . We consider two basic classes of irregular grids.
Structured grids. The most important example of such a type of grids is irregular rectangular grids that inherit in many respects the properties of the standard rectangular grids (are topologically equivalent to them).
Nonstructured grids. In this case, the stencil of the difference scheme does not retain the structure. It is impossible to connect topologically the computational grid to the regular rectangular grid. In particular, the scheme has a different number of neighbors at each point.
Approximations on structured grids can be carried out on the basis of the above mentioned closeness of these grids to standard rectangular grids. The simplest realization of this situation is to use new independent variables. In this case, irregular grid in the initial coordinates grid transforms into a regular one in new independent coordinates.
The advantages of structured grids are due to the conservation of the canonical structure of neighbors for each grid node, i.e., the conservation of the stencil. This simplifies, in particular, the process of programming for solving difference problems. But the problems of constructing difference schemes on such grids are not much less difficult than for the general nonstructured grids.
Among the structured grids, it is necessary to distinguish an important class of orthogonal grids. In this case, the advantages of structured grids over nonstructured ones become evident because a lot of problems connected with the development of difference schemes and the solution of the grid equations are radically simplified. If it is necessary to use the advantages of structured irregular grids over nonstructured ones, it is better to restrict oneself to the orthogonal curvilinear grids. The problems of grid generation are not necessarily more difficult than the problems being solved. Moreover, this situation is the most typical one. Therefore, it is better to make efforts (comparable to the solution of the posed problem) to optimize the computational grid. In complicated computational domains it is reasonable to use the multiblock technology of generation of orthogonal grids.
Delaunay triangulation and Voronoi diagrams
In solving two-dimensional problems, an arbitrary grid is generated from some set of nodes. The most simple and natural approach is to define the triangulation, i.e., develop a triangular grid. There is no need to use more complicated structures of nonstructured grids.
For the given points the triangulation can be performed in different ways. Note also that for a given set of nodes we obtain the same number of triangles by any triangulation method. So we need to optimize the triangulation by some criteria. The main optimization criterion consists in the following: the obtained triangles should be close to equilateral ones (there should be no too sharp angles). This is a local criterion belonging to one triangle. The second (global) criterion consists in that adjacent triangles do not differ too widely in area -the criterion of grid uniformity.
There is a special triangulation -the Delaunay triangulation [7] , which has a number of optimum properties. One of them is the tendency of obtained triangles to equiangular ones. The above mentioned property can be formulated more exactly in the following way: in the Delaunay triangulation the minimum value of inner angles of triangles is maximized. A more detailed discussion of the Delaunay triangulation properties and related problems can be found in reviews [6, 18] . The formal definition of the Delaunay triangulation (see, for example, [31] ) is associated with the property that for each triangle all the other nodes are situated outside the circumcircle. For our further presentation the relation between the Delaunay triangulation and the Voronoi diagram is very important.
The Voronoi polygon for a separate node is a set of points lying closer to this node than to all the other nodes. For two points the sets are defined by the half-plane bounded by a perpendicular to the middle of the segment connecting these two points. The Voronoy polygon thereby will be the intersection of such half-planes for all pairs of nodes created by this node and all the other nodes. Note that this polygon is always convex. The Voronoi diagram for some set of nodes with the separation of an individual Voronoi polygon are schematically presented in Fig.1 .
Each vertex of the Voronoi polygon is a point of contact of three Voronoi polygons. The triangle constructed by the corresponding nodes of contacting Voronoi polygons is associated with each of these vertices. This is exactly the Delaunay triangulation. Thus between the Voronoi diagram and the Delaunay triangulation a unique correspondence is established.
In the case of the Delaunay triangulation, we obtain the optimum fragmentation of the computational domain according to the given set of nodes. The fragmentation is optimum in terms of maximization of minimal angles of triangles. To the Delaunay triangulation, there corresponds the Voronoi diagram which uniquely determines the set of points of the domain for each node. This separation of the set points is made by the clear geometrical criterion of optimal closeness to the node. Thus the Delaunay triangulation and the Voronoi diagram determine completely (optimally and uniquely) the computational triangular grid and the control volume. The Delaunay triangulation is widely used in numerical practice for constructing finite element schemes (see, for example, [20] ). There also exist a lot of developed numerical methods for generating such triangular grids, the appropriate software is also available.
General notations
Assume that the computational domain is a convex polyhedron Ω with the boundary ∂Ω. In the domain Ω = Ω∪∂Ω we consider the grid ω, which consists of nodes x D i , i = 1, 2, . . . , M D , and the angles of the polyhedron Ω are nodes. Let ω be a set of inner nodes and ∂ω is a set of boundary nodes, i.e., ω = ω ∩ Ω, ∂ω = ω ∩ ∂Ω.
Each node
connect a certain part of the computational domain, namely, the Voronoi polyhedron or its part belonging to Ω. The Voronoi polyhedron (polygon) for a separate node is a set of points lying closer to this node than to all the other ones:
where |·| is the Euclidean distance. Each vertex x 
We mark a separate tetrahedron D k of the Delaunay triangulation (Fig.2) . This tetrahedron is identified by the number k of the Voronoi polyhedronm vertex,
For common planes of the tetrahedron we use the notations
The boundary of the computational domain ∂Ω consists of the planes of Delaunay tetrahedrons. Let
We associate the Voronoi polyhedron V i , i = 1, 2, . . . , M D with the node of the main grid i. Thus, we have In this case, m = 0 means that the tetrahedron D k contacts the boundary.
We define also the neighbors for each Voronoi polyhedron
We assume that the introduced Delaunay triangulation and the Voronoi diagram are regular [13] . For the notations
Likewise, for the Voronoi diagram we have
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The other notations for the Voronoi diagram and Delaunay triangulation will be considered later.
Scalar and vector grid functions
We will approximate the scalar functions of the continuous argument by the scalar grid functions that are defined in the nodes of the D-grid or in the nodes of the V -grid. We denote by H D the set of grid functions defined on the D-grid
For the functions y(x) ∈ H D , vanishing on the boundary ∂ω, we define
We consider the scalar product and the norm for the scalar grid functions from H D by
This scalar product and the norm are grid analogs of the scalar product and the L 2 (Ω)-norm for the scalar functions of the continuous argument. Likewise for the grid functions defined on the V -grid we define the space
For the functions y(x) ∈ H V we have
The approximation of continuous argument vector functions is a more difficult task. The simplest approach is connected with the assignment of three Cartesian components of the vector function in the nodes of the D-grid or in the nodes of the V -grid for approximating the vector field in the appropriate control volume -the Voronoi polygon for the nodes of the D-grid or the Delaunay tetrahedron for the V -grid nodes. The use of such an approximation for general unstructured grids is unjustified and connected with technical difficulties.
To determine the vector field in the control volume, it is natural to use the components of the sought function normal to the corresponding planes of the control volume. Choosing the initial and the final node, we connect with each tetrahedron edge
For Delaunay triangulation the normals to the planes are the directed edges of Voronoi diagram and vice versa (Figs. 1, 2 ). For the approximation of the vector functions thereby we can use projections of the vectors on the directed edges. We will further use exactly this variant with the description of the vector field in the control volume by means of vector projections on the edges of the control volume.
We will orient the Delaunay triangulation edges by the unit vector
directed from the node with a smaller number to the node of a larger number. Likewise, we define the unit vectors
for the directed edges of the Voronoi diagram. 
The vector function y(x) on the Delaunay triangulation is defined by the components
that are given in the middle of the edges
Finite-difference approximation of mathematical physics problems on irregular grids 303
Using the Voronoi diagram, the components are given at the point on the edge x V km defined as a point of intersection of the edge and the corresponding plane of the Delaunay triangulation, thereby y
Taking into consideration the introduced notations, the points x V k0 lie on the boundary ∂Ω. Note that in the two-dimensional case the nodes of the vector function assignment in the Delaunay triangulation and the Voronoi diagram coincide (see Fig.3 ). In this case, we have the local orthogonal coordinate system and this property can be used [47] for constructing grid problems. In general three-dimensional case (Fig.4) this is not true.
For the Delaunay triangulation used and the Voronoi diagram we define the length of the edges in the following way:
We denote by H D the set of grid vector functions determined by the components y
(i) that are given in the middle of the edges. In a similar way we denote by H V the set of grid vector functions defined by the components y
If the tangential components of the grid vector functions y ∈ H D vanish on the boundary, we define
Consider the scalar product and the norm in H D :
where
is the set of vertices of the plane ∂D km . Likewise, we define
for the scalar product and the norm in H V . For the two-dimensional case, the triangle elements participating in the scalar products for the vector functions from H D and H V are shown in Fig.3 .
Vector analysis grid operators
We consider the problems of mathematical physics defined in terms of the vector analysis operators: divergence, gradient and rotor operators. Turning to the discrete problem, we should have the grid analogs of these operators. On the other hand we cannot always use the standard finite-element approximation. In particular, this also concerns the construction of the grid analogs of the vector analysis operator.
Approximations on unstructured grids
The simplest (as to the methodology) approach to the construction of discrete problems on triangular grids consists in using the finite-element method [13, 71] . In computational practice the piecewise linear finite elements corresponding to the approximation of the solution by the linear function on each triangle is most widely used. In this connection note the modifications of the finite-element method for an approximate solution of vector problems called the vector finite-element method [8, 24, 42] . In this case, the vector function is approximated directly without transition to the Cartesian components.
The balance method (integro-interpolational method) is a general approach to the construction of discrete problems. On the basis of this technique schemes are constructed for the basic problems of mathematical physics and mechanics of continua. The balance method (integro-interpolational method) [49] was proposed by A.A.Samarskii [48] and from the midfifties it has been actively used in computational practice for numerical solutions of various applied problems. Now the term the finite-volume method is also used (see, e.g., [35, 69] ). The constructivity of the integro-interpolational method is especially apparent in constructing difference schemes on irregular grids and for problems with discontinuous coefficients.
To approximate the vector analysis differential operators on regular grids, we can use direct approximations of the differential derivatives by the difference derivatives for Cartesian components of the vectors. On the general computational grids it is convenient to use not the differential but the integral expression of the vector analysis operators.
Such an approach is realized in the support operator method [17, 57] . In this case, the investigated problem of mathematical physics is defined in terms of the vector analysis invariant operators: divergence, gradient and rotor ones. Further one of them (called the support operator) is approximated, and the approximations of the other operators are consistent with the approximation of the support operator on the basis of the integral relations of the vector analysis. In this way a consistent approximation of the operators giving such properties as conservativeness, adjointness etc. is obtained. The simplest description of such an approach is given in [58] . A more detailed description of the mathematical problems is available in [51] . Among the later works we note papers [26, 27] , where the questions concerning the approximation of the vector analysis operators on structured grids are discussed. For triangular grids the support operator method is evolved, e.g., in [3, 19] . The main features concern the assignment of a set of grid functions. For example, the solution can be approximated at the nodes of a triangular grid and the fluxes -in the cells (cell-node approximation) or in the centers of the cell edges (spaced grids).
Further the reader will see that using the Delauney triangulation, the Voronoi diagram, and the selected approximation of the scalar and vector functions, it is easy to settle issues concerning the approximation of the vector analysis operators. In this case, we use only integral definitions and the simplest formulas of integration.
Grid gradient and divergence operators
The set of grid functions H D or H V can be the domain of definition of the grid gradient operator. In the first case, we denote the grid gradient operator by grad D , and in the second case, grad V . Taking into account the chosen edge orientation, at the points x D ij we set
i.e., the range of values of the operator grad D :
In (1), we use the following notation:
For the truncation error of the grid operator grad D we have
provided that u(x) is a sufficiently smooth functions. Here and below we shall not give an accurate formulation of the requirements for the smoothness of the functions used (solution, coefficients etc.). In particular, we shall not specify the minimum restrictions in the class of distributions. Though it is not difficult to take into account the current state of the numerical analysis and the theory of approximation [5] , we wish to avoid encumbering the paper by immaterial mathematical details. Expression (2) depends on the use of the approximation by the central differences.
For the values of the grid operator grad V :
In this case, the truncation error has only the first order because the first derivatives are approximated at the point x V km that is not situated in the middle of the edge of the Voronoi polyhedron
Now construct the grid analogs of operator div on the set of the vector grid functions y ∈ H D and y ∈ H V .
Start from the divergence equality. For the Voronoi polyhedron this equality is written in the following form:
where n V ij is the normal to the edge ∂V ij outside with respect to V i . To construct the grid operator div D : H D → H D we use the elementary formulas of integration for the left-and right-hand sides (5) . This leads to the grid analogs of the operator div in the form of
Similarly, on the nodes of the V -grid we define the values of the grid analogs of the divergence operator on the set of vector grid functions y ∈ H V . Start from the divergence theorem, rewriting for the Delauney tetrahedron
where n D km is the normal to the edge ∂D km outside with respect to D k . Approximation (7) leads to the following presentation:
for the grid operator div V :
To estimate the error of the constructed approximations of the divergence operator, we take into account the fact that the introduced D-grid and V -grid are regular. For the lefthand side of (7) we have
Similarly, for the right-hand side we get
where q(x V km ) = O(h) in the three-dimensional case. For two-dimensional problems our approximation of the right-hand side (7) corresponds to the quadrangle formula and so
Taking into account the last fact in the general three-dimensional case for the error of formula (8), we obtain
Thus, in general, the truncation error for the grid divergence operators div D and div V equals to O(1). However, there exists a special divergence expression of the truncation error saving the situation in the case of approximation of problems of mathematical physics.
Grid rotor operators
Now we construct grid analogs of the operator rot noticing, as for the other vector analysis operators, two modifications of such operators. To construct the grids operators on the derived grid, we use the following integral equality (the Stokes theorem):
where S is a simply connected surface spanned on the contour ∂S, l thereby is a tangent vector. And the direction of the normal vector n coordinated with the orientation of the contour ∂S according to the right-hand screw rule. Construct the grid operator rot D : H D → H V on the set of vector grid functions y ∈ H D . We use (12) for the edge ∂D km . It follows that
The outside normal n for the left-hand side of (13) we set
where g 1 (x V km ) = O(h) for a sufficiently smooth vector function u. The nodes x D ij are situated in the middle of the edges, and using the quadrangle formula for the approximation of right-hand side of (13), we obtain (15) where
. Taking into account (13)- (15), we define the values of the grid operator rot D :
For the truncation error we have the following representation:
In the same way we construct the grid operator rot V : H V → H D . In this case, the discrete analog of formula (12) is used for separate sides ∂V ij of the Voronoi polyhedron V i corresponding to the node
We allow for the orientation of the side ∂V ij edges using Similarly to (14) , (15) we obtain
Similarly to (17), we can get the following special representation of the truncation error for the grid operator rot V
The last component of the error appears due to the fact that the contour integral is approximated by the edges the point x V km , in general, is not situated in the middle of the edges.
Consistency of the vector analysis grid operators
We note the following most important properties of the vector analysis operators
If relation (21) (or (22)) holds for the grid analogs, then we say that such grid operators are consistent as to property (21) (or (22)).
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Taking into account (1) and (16), we get
i.e., the grid operators rot D and grad D are consistent as to property (21) . Likewise, we determine the consistency of the operators rot V and grad V
The consistency as to property (22) holds for pairs of the operators div D , rot V and div V , rot D . It follows in the standard way that
because we pass each edge of the tetrahedron D k twice: in the positive and negative directions. Thus, for the grid divergence and rotor operators we have
We consider that the self-adjointness and antisymmetry to be the most important properties of the grid operators of mathematical physics. These properties arise from the corresponding properties of the vector analysis grid operators. In order to clarify this question, we first recall the following facts concerning the vector analysis differential operators.
we obtain
where n is the outside normal. From (28) it follows that for
the following equality holds:
This means that the operator div is adjoint to grad with reversed sign
First we deduce the grid analog of (27) . From (6) we have
Multiplying both sides of this equality by meas(V i ) and summing the result with respect to all i = 1, 2, . . . , M D , we get the following grid analog of (28):
From ( 
Equalities (31), (32) are the grid analogs of (29) . The properties of the rotor operator are obtained by means of the following equality:
Whence it follows that
for the functions
Equality (33) determines the self-adjointness of the operator rot:
For the grid vector functions v ∈ H 0 D , u ∈ H V , using (16) , (19) , we obtain
holds. This equality can be considered as the grid analog of self-adjointness (34) of the differential rotor operator.
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Scalar convection-diffusion equation
As the simplest example of the construction and investigation of the grid approximations for problems of mathematical physics on the basis of using the vector analysis grid operators, we consider the boundary value problems for elliptic and parabolic equations of the second order. First, we construct grid approximations on the nonstructured grids for the boundary value problem for the stationary diffusion equation. We note the features of the approximations convective components for the convection-diffusion equations. The convergence of the approximate solution to the exact one is studied using two-layer difference schemes for nonstationary convection-diffusion problems.
Boundary value problem for the stationary diffusion equation
In the convex polyhedron Ω it is necessary to find the approximate solution of the boundary value problem
with smooth enough coefficients k(x) κ > 0 and the right-hand side f (x). Problem (36) , (37) is standard for the finite element method [13] . Typical results concerning the convergence estimates, the superconvergence of the finite volume method under different assumptions on the smoothness of the solution can be found in [16, 35] . From later works in this direction we note the paper [15] , in which the accuracy estimates in different norms are given using the finite volume method considered as the Petrov-Galerkin finite element method. Here we will show the simple possibility of construction and investigation of difference schemes for problem (36) , (37) on the basis of the vector analysis grid operators using the Delaunay triangulation and the Voronoi diagram.
In the domain Ω we consider the regular D-grid and V -grid. Taking into account the boundary condition (37), we will find the approximate solution of problem (36), (37) as the grid function y(x) ∈ H 0 D . Taking into consideration the above notations for the vector analysis grid operators, we approximate (36) by the following grid equation:
Here the grid gradient operator grad D : H D → H D is determined according to (1) and the grid divergence operator div D : H D → H D is defined according to (6) . We consider the Hilbert space of the grid functions H D (grad) with the scalar product and the norm
We also give the grid analog of the Friedrichs lemma. In different formulations it has been proved in the theory of the finite element method [13] and the finite volume method [16] , where the difference schemes on irregular structured and unstructured grids are considered [22, 51] . For the difference schemes developed on the basis of the Delaunay triangulation and the Voronoi diagram the grid analog of the Friedrichs lemma is given in [68] :
And on the set of grid functions y ∈ H 0 D the semi-norm grad D y D is equivalent to the norm in H D (grad).
We define the grid diffusion operator
Taking into account the consistency properties (31) of the operators grad D and div D , we have
This means that the operator D is self-adjoint in H D . By virtue of (39), we obtain
i.e., in H D the following formula is valid:
where I is the unit (identity) operator. Property (41) of operator (40) guarantees, in particular, one-valued solvability of the grid problem (38) . We obtain the convergence estimates for the grid solution, determined as the solution of equation (38) , to the exact solution of problem (36), (37) . We define the error of the approximate solution by the following expression:
It is determined from the equation
where ψ(x) is the error of approximation
Taking into account the expression for the error of approximation for the grid gradient operator (2) and the grid divergence operator (11), we obtain
Multiplying equation (42) scalarly by z(
Taking into account (43) for the right-hand side, we obtain
Considering inequality (39) and the expression for the truncation error (43) we get the required estimate for the error of the approximate solution
The solution of the grid problem (38) thereby converges in H D (grad) to the exact solution of problem (36), (37) with the first order.
Convection-diffusion equation
Note the basic features of the development of difference schemes for the approximate solution of the boundary value problem for the stationary convection-diffusion equation using the vector analysis grid operators. Some problems on the approximate solution of the stationary and nonstationary problems with convective component written in different forms are considered in monographs [41, 56] . Difference schemes on irregular grids are developed in [22] , the main results for the finite volume method for the approximate solution of the stationary convection-diffusion problems are given in [16, 35] . In [32] , different approaches to the approximate solution of convection-diffusion problems on irregular grids are discussed.
Difference schemes for such problems are developed in [39, 68] for the Delaunay triangulation and the Voronoi diagram. It is necessary to find the solution of the equation
where v(x) defines the given field of velocities. Suppose that the medium is incompressible, i.e., the following limitations hold:
Equation (45) is supplemented with the simplest boundary conditions (37) . Among the basic properties of the convection operator for an incompressible medium [56] , we note the property of antisymmetry of the operator on the set of functions u(x) ∈ L 2 (Ω) satisfying the homogeneous boundary condition (37):
In going to the grid problem, it is essential that the basic properties of the differential problem are inherited by the discrete one. Among such properties for problem (37) , (45), (46) we note self-adjointness and positive definiteness of the diffusion operator and antisymmetry of the convection operator. Suppose that in the discrete case the following incompressibility condition holds:
where b(x) is the appropriate grid approximation of v(x). An example of the approximation of the velocity field satisfying the property of incompressibility in the discrete case (48) is
The approximate solution of problem (37), (45) 
Here the values of the scalar grid function in the middle of the edges of the Delaunay tetrahedrons are determined by the following formula:
We write the grid problem (49) in the operator form
where the grid diffusion operator is determined in (40) . For the grid convection operator we have
Taking into account formula (48) and making immediate calculations, we sure that the convection operator C :
The one-valued solvability of the grid problem (50) is established due to formulas (41), (52) . For the error of the approximate solution z(x), x = x D i ∈ Ω, we obtain the problem
with the error of approximation
Analogously to the diffusion problem, the error of approximation is presented in form (43) . Multiplying equation (53) scalarly by z(x) ∈ H 0 D , we obtain the accuracy estimate (44).
Nonstationary convection-diffusion equation
At present two-layer and three-layer difference schemes are constructed and investigated for basic nonsationary problems of mathematical physics [49, 50] . First of all the matter concerns initial boundary value problems for parabolic equations of the second order (heat transfer equation). In this case, the elliptic operator with respect to the space variables can be both self-adjoined and not self-adjoint as in the convection-diffusion equation [56] . Similar results can also be obtained for hyperbolic equations of the second order (wave equations). In the not self-adjoint case the unconditionally stable schemes are most often constructed if the not self-adjoint part of the operator is subordinate to the self-adjoint one [50, 52] . The questions on using the finite element method are discussed in [64] . Among the later papers devoted to the solution of nonstationary convection-diffusion problems by the finite element method and the finite volume method we note [11, 12] . Generalization of the results is achieved in the theory of operator-difference schemes where for the initial boundary value problem of mathematical physics operator formulations in different spaces for the space derivatives are used [49, 50] . This allow to consider different classes of nonstationary problems of mathematical physics from general positions and divert, in particular, from the concrete nature of the differential equation and the boundary conditions. For two-layer and three-layer operator-difference schemes, the results on the stability in the sense of the initial data and the right-hand side and the stability for the problem of operator perturbation (coefficients of the initial problems) were obtained [52] .
The features of using the grid operators of vector analysis for the approximate solution of scalar nonstationary problems of mathematical physics were considered by us for the boundary value problem for the nonstationary convection-diffusion equation. The function u(x, t) is the solution of the equation
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and the medium is incompressible (condition (46) is fulfilled). For equation (54) the boundary conditions and the initial data are given as following:
The approximation in space leads to the following Cauchy problem for the first-order differential-operator equation:
for y(t) = y(x, t) ∈ H 0 D using the notation of (40), (51) (in our case C = C(t)). For the approximate solution of the differential-difference problem (57), (58) we will use the usual schemes with weights. Consider the time-uniform grid
and let y n = y(x, t n ), t n = nτ . Using the two-layer scheme, equation (57) is approximated by the difference equation
where σ is a numeric parameter (weight), which usually is 0 σ 1. Taking into account (58) we supplement (59) with the initial data
We obtain the stability conditions and the consistency estimate for the difference scheme (59), (60) . We consider again the case where the solution of the differential problem, the coefficients of the equation and the initial data are sufficiently smooth. We define the error of the approximate solution as follows:
The boundary conditions and the initial data for problem (46) , (54) - (56) are approximated exactly, and, therefore, for the error z ∈ H 0 D we obtain the problem
For the error of approximation we have the representation
Taking into account the approximation properties of the grid operators of the gradient and divergence (2) , (11), we obtain the following representation for the error of approximation:
where g
∈ Ω, For σ = 0.5 (symmetric scheme) thereby the grid problem approximates the differential one with the second order with respect to time and with the first order for σ = 0.5. The error of approximation with respect to space is O (1) .
We obtain the a priori estimate for the solution of the difference problem (61) - (63), taking into account that the σ 1/2. To do this, we multiply equation (61) 
Taking into account the antisymmetry of the convection operator, we obtain the following equality:
The second component in the right-hand side is estimated in the following way:
In view of formula (39) for the first component we have
Substituting (65), (66) into (64), we obtain for σ 1/2 the inequality
Summing inequality (67) with respect to n = 0, 1, . . . , N − 1 and taking into account (62), we get
Finite-difference approximation of mathematical physics problems on irregular grids 317
On the set of grid functions
we define the Hilbert space L 2 (0, T ; H D ) with the inner product and the norm
Likewise, we define the Hilbert spaces L 2 (0, T ; H D (grad)) and L 2 (0, T ; H D ). Using this notation, from (68) we obtain the estimate
where z (63) and (69) it follows that the approximate solution y (48), (61), (62) (σ 1/2), converges to a sufficiently smooth solution of the differential problem (46), (54) - (56) with the rate O(τ
Nonstationary vector problems
The questions concerning the construction of the difference schemes for the model nonstationary boundary-value electrodynamic problems are considered. We focus our attention on the realization of the main properties of the differential problems for discrete problems when using vector analysis grid operators. The stability and convergence of the difference schemes with weights approximating the nonstationary vector problems are investigated.
Problem formulation
The questions regarding the construction of computational algorithms for special classes of systems of second-order parabolic and hyperbolic equations typical of the electrodynamic problems are of interest for practical applications [8, 46] . Maxwell's equations include the divergence and rotor operators. Two main approaches to the approximate solution of such nonstationary problems in natural variables (electric and magnetic fields) are used [9] . The first approach considers the first-order system of equations for the electric and magnetic fields. The second approach consists in studying the equation of the second order on space, where we consider either the electric or the magnetic field as the desired variable. In practice, to solve first-order equations, special schemes as to the time variable (staggered scheme, FDTD-scheme) are used [63] . The advantage of the second approach is the transformation of the coupled system of equations with two unknown quantities to one equation with one unknown variable (see, e.g., [28] ). Besides, it simplifies the problems concerning maintenance of such most important features for the grid analogs as self-adjointness and non-negativity of the operator.
A fundamental problem in constructing computational algorithms for vector electrodynamics problems is the account of the conditions imposed on the divergence of the unknown vector [66] . This restriction can be included in the mathematical model. Note paper [4] as a representative example. In this paper the restrictions imposed on the divergence are taken into account by introducing of the Lagrange multipliers. The second and more interesting feature is associated with the choice of such approximations in time and space in which the restrictions imposed on the divergence are realized automatically. The first results concerning this approach were presented in [70] . References to the later investigations can be found in review [59] .
Consider the class of nonstationary vector problems of mathematical physics that are model problems of the electrodynamics of continua [30] . Suppose that one equation linear as to penetrability and magnetic conductivity for the electric or magnetic force vector is used; then the first-order evolution equation (parabolic equation) illustrates the characteristics of this problem concerned with the spacing effect.
In the first case, in the computational domain we define the unknown vector function u(x, t) as the solution of the equation
with sufficiently smooth coefficients k(x) κ > 0 and right-hand side f (x, t). Equation (70) is supplied by corresponding initial and boundary conditions. The initial state is determined by the condition
Typical of electrodynamics equations are problems with given tangential components of the electric and magnetic forces. Therefore we consider equation (70) under the boundary condition
where n is the outside normal to the boundary. The specific character of the electrodynamics problems consists in imposing restrictions on the divergence of the inductions of the electric and magnetic forces. To realize this feature, we supply equation (70) with the condition
In is easy to take into account restrictions (73) in the differential case. It is clear that for problem (70)-(72) the initial condition is satisfied by the relation
From equation (70) we have
and therefore by virtue of (74) condition (73) holds for all time points when
It is natural to use such approximations of the boundary-value problems (70) -(72) that this automatic account of restriction (73) holds provided that conditions (74) and (75) are satisfied. To this end, it is necessary to satisfy the condition div rot = 0 in the discrete case.
We obtain an a priori estimate for the solution of boundary-value problem (70)-(72) provided that right-hand-side of the equation is given in the form
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For the first component in view of (75) we have
In L 2 (Ω) we introduce
Taking the inner product in L 2 (Ω) of equation (70) with u(t) = u(x, t) in view of (76) we get
For individual components of the right-hand side of (78) we obtain
Using this relations, from (78) we obtain the inequality
Hence we obtain the desired estimate with respect to the initial data and the right-hand side
for the solution of the differential problem (70)-(72).
Difference scheme
We define the grid operator A :
Taking into account (35) , from (80) we obtain
Space discretization of problem (70)- (72), (76) leads to the differential-discrete problem for the definition of
For the solution of problem (82), (83) (see (79)) the following estimate holds:
In the trivial case we can use the vector grid functions in the form
Note some possibilities of using more reasonable approximations. It is desirable to keep the solenoidal property (73) for the grid problem (82), (83) too. Taking into account (26) , at
for the solution of problem (82), (83) we obtain
To determine the solenoidal condition in the discrete case (85), we act by the operator div D on equation (82) and use (26) . Taking into account (74), (75), the solenoidal property for the grid functionsũ 0 ,f 0 holds under the following approximations:
To solve approximately the differential-difference problem (82), (83), we use a two-level difference scheme with weights on a time uniform grid ω τ . Let y n = y(x, t n ), t n = nτ and we approximate equation (82) by the difference equation
which we complete with the initial condition
Let us obtain the a priori estimate for the solution of the grid problem (86), (87). Take the H 0 D inner product of equation (86) 
We get the following equality:
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The second component of the right-hand side is estimated in the following way:
For the first component we have
Taking into account the inequalities
and substituting the latter relation into (88), we obtain
Without loss of generality we assume that τ 1/2. Taking into account that
for τ > 0, from (89) we get on each level the desired estimate
for the solution defined by (86), (87). It is a grid analog of estimate (79) 
of the approximate solution y ∈ H 0 D we obtain the problem
For the truncation error the following representation holds:
Taking into account the approximation properties of the grid rotor operators (17) , (20),
Substituting (95) into (94) for the truncation error we obtain
For (92), (93), (96) the following a priori estimate holds: (see (90))
Using this estimate, we get
with the use of the previously obtained above notations. Estimate (97) guarantees convergence of the approximate solution defined from (86), (87) to a sufficiently smooth solution of the differential problem (70)-(72), (76) with the rate O(τ 2 + (2σ − 1)τ + h) provided that the Delauney triangulation and the Voronoi diagram are used. We can deduce the estimates of the rate of convergence in stronger norms. Such estimates will be similar to estimate (69) determined by us in considering the boundary-value problem for the non-stationary convection-diffusion equation.
Account of the motion of continuum
Note the main features of the solution of electrodynamics vector problems with allowance for the convective transfer. Suppose that instead of (70) the vector function u(x, t) satisfies the equation
In solving problem (71), (72), (98) approximately, one of the main issues is the approximation of the convective term. Taking into account (16), we set 
for the approximation of ((grad ϕ×u)·e V km ) at the points x V km . To approximate the right-hand side of (100), we use (16) to obtain
We have
and, therefore,
We directly prove that (101) approximates ((grad ϕ × u) · e V km ) at the points x V km with the first order.
Based on (99), (101), we obtain the following approximation of equation (98):
Here the grid operator A is determined by
where the grid vector w = w(v, y) is of the following form:
The grid operator A, defined according to (103), (104) is non-self-adjoint and not always positive definite. Therefore, to derive the corresponding estimates of stability for problem (83), (102), more detailed investigations are required. Similarly to nonstationary convection-diffusion problems (see [56] ) we can consider the case of a limited continuum velocity (max |v(x, t)| M 1 ).
Systems of first-order equations
We have considered above the possibilities of using vector analysis grid operators for constructing discrete problems for second-order scalar and vector equations. Below we consider the third example of boundary-value problems for the systems of first-order equations. In particular, such an approach can also be used for second-order equations. An analog of such an approach in the theory of finite-element method is the use of mixed statements [10, 21] . To illustrate the features of applying vector-analysis grid operators, we restrict ourselves to the model two-dimensional problem concerned with the solution of the nonstationary system of equations with the operators grad, div. The second interesting example is the system including two operators rot (nonstationary electrodynamics problem) [40, 43, 63] .
Problem formulation
Suppose that it should be find the function pair u, v in two-dimensional domain Ω satisfying the system of equation ∂u ∂t
x = (x 1 , x 2 ) ∈ Ω, 0 < t T.
For simplicity we we restrict ourselves to the boundary conditions (v · n) = 0, x ∈ ∂Ω, 0 < t T,
that are typical of the problems of mechanics of continua. In addition, we set u(x, 0) = u 0 (x), x ∈ Ω, (108) v(x, 0) = v 0 (x), x ∈ Ω.
(109)
The system of equations (105), (106) is a model system for the Eiler equations in the mechanics of continua [29] (acoustic equations). In this case, the function u is a small perturbation of pressure and v is a velocity perturbation. The difference schemes of the gas dynamics problems are discussed in [54] . The difference-schemes for acoustic equations with the use of irregular grids have been investigated in [1, 2, 51] .
Let us deduce the simplest a priori estimate for problem ( 105)-(109), which will be used by us to construct an approximate solution. Take the inner product in L 2 (Ω) of equation (105) with u and take the inner product in L 2 (Ω) of equation (106) The space approximation of equations (105), (106) yields
In (111), (112) 
For the time approximation we use the scheme with weights 
To obtain the stability estimate for the difference problem (115)-(118), we introduce the following notation: ).
Substituting the latter relations into (119), we get
).
We can assume without loss generality that 2τ T and therefore
Taking into account the latter relation from (120), we obtain the estimate of stability for each time level ).
This estimate is a grid analog of (110). Thus the unconditional stability of the difference scheme (115)-(118) is proved under standard restrictions σ 1/2 imposed on the weight factors.
To estimate the rate of convergence of the difference solution determined from (115)-(118), we use the approximation properties of the operators grad V and div V . Taking into account (4), we obtain that in the two-dimensional case the grid equation (116) is a consistent approximation of equation (105) Let us emphasize once again that the model problem (105)-(109) for the system of equations with the operators grad, div is investigated in two-dimensional case. Here the vector analysis grid operators grad V and div V directly approximate the differential operators. The more general three-dimensional case requires more careful consideration.
